The wave-particle duality dates back to Einstein's explanation of the photoelectric effect through quanta of light and de Broglie's hypothesis of matter waves. Quantum mechanics uses an abstract description for the behavior of physical systems such as photons, electrons, or atoms. Whether quantum predictions for single systems in an interferometric experiment allow an intuitive understanding in terms of the particle or wave picture, depends on the specific configuration which is being used. In principle, this leaves open the possibility that quantum systems always either behave definitely as a particle or definitely as a wave in every experimental run by a priori adapting to the specific experimental situation. This is precisely what is tried to be excluded by delayed-choice experiments, in which the observer chooses to reveal the particle or wave characteror even a continuous transformation between the two -of a quantum system at a late stage of the experiment. We review the history of delayed-choice gedanken experiments, which can be traced back to the early days of quantum mechanics. Then we discuss their experimental realizations, in particular Wheeler's delayed choice in interferometric setups as well as delayed-choice quantum erasure and entanglement swapping. The latter is particularly interesting, because it elevates the wave-particle duality of a single quantum system to an entanglement-separability duality of multiple systems.
I. INTRODUCTION
In the 17th century, two different theories of light have been developed. While Huygens explained optical phenomena by a theory of waves, Newton put forward a corpuscular description where light consists of a stream of fast particles. At first, the large authority of Newton lead to the general acceptance of the corpuscular theory. However, at the beginning of the 19th century, Young demonstrated the wave character of light, in particular by showing interference fringes in the shadow of a "slip of card, about one-thirtieth of an inch in breadth", formed by the "portions of light passing on each side" (Young, 1804) . Many other subsequent experiments century established the wave nature of light, in particular the discovery of electromagnetic waves with light being a special case.
The picture changed again in 1905, when Einstein explained the photoelectric effect with his hypothesis that light consists of "energy quanta which move without splitting and can only be absorbed or produced as a whole" (Einstein, 1905) . These massless corpuscles of light, called photons, carry a specific amount of energy E = hν with h being Planck's constant and ν the light's frequency. In 1909, Taylor performed a low-intensity Young-type experiment, measuring the shadow of a needle with an exposure time of the photographic plate of 3 months (Taylor, 1909) . Despite the feeble light with on average less than one photon at a time, the interference pattern was observed.
In 1924, de Broglie postulated that also all massive particles behave as waves (de Broglie, 1924) . The wavelength associated to a particle with momentum p is given by λ = h/p. This wave-particle duality was confirmed experimentally through diffraction of an electron beam at a nickel crystal (Davisson and Germer, 1927) and through diffraction of Helium atoms at a crystal face of lithium fluoride (Estermann and Stern, 1930) . In 1961, the first non-photonic double-slit-type experiment was performed using electrons (Joensson, 1961) . In modern interferometric experiments, the quantum wave nature of molecules of approximately 7000 atomic mass units and 1 picometer de Broglie wavelength has been demonstrated (Gerlich et al., 2011) .
In the language of quantum mechanics the waveparticle duality is reflected by the superposition principle, i.e. the fact that individual systems are described A quantum system enters from the left via a semitransparent beam splitter. When detectors are placed in the paths a and b inside the interferometer, the system is found in one and only one of the arms with probability 1 2 each. This reflects the picture that it traveled one of the two paths as a particle. If, however, detectors are not placed inside the interferometer but at the exit ports a and b after the second beam splitter, the probability of detection depends on the phase ϕ. This reflects the view that the system traveled both paths a and b as a wave, leading to constructive and destructive interference.
by quantum states, which can be superpositions of different states with complex amplitudes. In a Young-type double-slit experiment, every quantum system is at one point in time in an equal-weight superposition of being at the left and the right slit. When detectors are placed directly at the slits, the system is found only at one of the slits, reflecting its particle character. At which slit an individual system is found is completely random. If, however, detectors are not placed at the slits but at a larger distance, the superposition state will evolve into a state which gives rise to an interference pattern, reflecting the wave character of the system. This pattern cannot emerge when the state at the slit would have been a mere classical mixture of systems being at the left or the right slit.
To make things more precise, let us consider a situation almost equivalent to the double-slit experiment, namely quantum systems, e.g. photons, electrons, or neutrons, which enter a Mach-Zehnder interferometer (MZI) (Mach, 1892; Zehnder, 1891 ) via a semitransparent mirror (beam splitter). We denote the transmitted and reflected arm by b and a, respectively (Fig. 1) . Let there be a phase shift ϕ in the reflected arm a, additionally to π 2 shift due to the reflection. Then the quantum state of the system is a superposition of the two path states with in general complex amplitudes:
(|b + i e iϕ |a ).
Whenever one decides to measure through which path the system is traveling by putting detectors into the arms a and b, one will find it in one and only one arm, in agreement with its particle character. Until the measurement the system is considered to be in a superposition of both paths. The state |ψ determines only the probabilities for the respective outcomes a and b. They are given by the squared modulus of the amplitudes and are thus p a = p b = 3 on a second beam splitter and two detectors are placed at the respective outgoing paths a and b , the Schrödinger equation will (up to a global phase) transform the quantum state into |ψ = cos
This state gives rise to detection probabilities p a = cos 2 ϕ 2 and p b = sin 2 ϕ 2 . The ϕ-dependent interference fringes indicate that the system traveled through the interferometer through both arms, reflecting its wave character. Particle and wave behavior are complimentary (Bohr, 1928) in the sense that they can only be revealed in different experimental contexts and not simultaneously (see section II.C).
When two physical systems 1 and 2 interact with each other, they will in general end up in an entangled state, i.e., a (non-separable) superposition of joint states. An example would be two particles, each of them in a separate interferometer:
|Ψ 12 = cos α |a 1 |ā 2 + sin α e iϕ |b 1 b
Here, with probability cos 2 α the first system is in path a in interferometer 1, and the second system is in path a of interferometer 2. With probability sin 2 α they are in paths b andb, respectively. Again, the superposition state "aā and bb" is distinctly different in character from a classical mixture "aā or bb". Entanglement can be studied for multi-partite systems, arbitrary high-dimensional state spaces, and for mixed states (Horodecki et al., 2009) . Entanglement also plays a crucial role in Bell tests of local realism (Bell, 1964; Brunner et al., 2013) and it is an essential resource for modern quantum information applications (Nielsen and Chuang, 2000) .
Due to the many counter-intuitive features of quantum mechanics, a still heavily debated question is which meaning the quantum state has, in particular whether it is a real physical property or whether it is only a mathematical tool for predicting measurement results. Delayed-choice experiments have particularly highlighted certain peculiarities and non-classical features. In interferometric delayed-choice experiments, the choice whether to observe the particle or wave character of a quantum system can be delayed with respect to the system entering the interferometer. Moreover, it is possible to observe a continuous transformation between these two extreme cases. This rules out the naive classical interpretation that every quantum system behaves either definitely as a particle or definitely as a wave by adapting a priori to the specific experimental situation. Using multi-partite states, one can decide a posteriori whether two systems were entangled or separable, showing that, just as "particle" and "wave", also "entanglement" and "separability" are not realistic physical properties carried by the systems. This review is structured as follows: In chapter II, we discuss the history of delayed-choice gedanken experiments, regarding both single (wave-particle duality) and multi-partite (entanglement) scenarios such as delayedchoice quantum erasure and entanglement swapping. In chapters III, IV, and V, we review their experimental realizations. Chapter VI contains conclusions and an outlook. Some fractions of this review are based on Ref. (Ma, 2010) 
II. DELAYED-CHOICE GEDANKEN EXPERIMENTS A. Heisenberg's microscope
The history of delayed-choice gedanken experiments can be traced back to the year 1927, when Heisenberg put forward a rudimentary and semiclassical version of the uncertainty relation (Heisenberg, 1927) . He visualized a microscope which is used to determine the position of an electron. Due to the Abbe limit the accuracy x of the position measurement is essentially given by the wavelength λ of the light used, and since the resolution gets better with shorter wavelengths, one also often talks about the "gamma ray microscope". Considering the microscope's opening angle ε (see Fig. 2 ), the laws of optics yield the approximate relation x ∼ λ/ sin ε for the accuracy. For a position measurement, at least one photon needs to (Compton) scatter from the electron and reach the observer through the microscope. The momentum transfer depends on the angle of the outgoing photon, which is uncertain within ε. The uncertainty of the momentum transfer in x direction is thus η p = sin ε · h/λ and implies the same uncertainty of the electron momentum. The product of position accuracy and momentum disturbance reads
For Heisenberg, this mathematical relation was a "direct illustrative explanation" (Heisenberg, 1927) of the quantum mechanical commutation relation [x,p x ] = i for the position and momentum operator. He noted (Heisenberg, 1991) (translated from German) that every experiment, which for instance allows a measurement of the position, necessarily disturbs the knowledge of the velocity to a certain degree
In the subsequent years, Heisenberg's uncertainty principle was derived accurately within the formalism of quantum mechanics (Kennard, 1927; Robertson, 1929; Schrödinger, 1930; Weyl, 1928) . However, the resulting famous inequality ∆x ∆p ≥ /2 (Heisenberg, 1991) .
acquired a different meaning, as it did not involve the notion of disturbance any longer: ∆x and ∆p are the standard deviations of position and momentum for an ensemble of identically prepared quantum systems. These quantities can be inferred by measuring either the position or the momentum of every system. No sequential or joint measurements are made. Every quantum state predicts intrinsic uncertainties, which cannot be overcome, that is, which necessarily fulfill Heisenberg's uncertainty relation (5) . Experimental observations of ensembles of identically prepared systems confirm these predictions. More recently, Heisenberg's original derivation in the sense of an error-disturbance relation has been revisited in fully quantum mechanical terms (Branciard, 2013; Busch et al., 2013; Ozawa, 2004) .
B. von Weizsäcker's gedanken experiments
In 1931, von Weizsäcker gave a detailed account of Heisenberg's thought experiment (Weizsäcker, 1931) . He remarked that one can place the observer not in the image plane, as originally intended, but in focal plane of the microscope. This constitutes a measurement not of the electron's position but of its momentum. Ten years later, a small but conceptually very important step was made, paving the path for the paradigm of delayed-choice experiments. In an article on the interpretation of quantum mechanics von Weizsäcker considered the possibility to delay the choice of measurement after the physical interaction between the electron and the photon had already taken place (Weizsäcker, 1941) (translated from German, italics in the original):
It is not at all the act of physical interaction between object and measuring device that defines which quantity is determined and which remains undetermined, but the act of noticing. If, for example, we observe an electron with initially known momentum by means of a single photon, then we are in principle able, after the photon has traversed the lens, therefore certainly not interacting with the electron any more, to decide, whether we move a photographic plate into the focal plane or the image plane of the lens and thus determine the momentum of the electron after the observation or its position. For here the physical "disturbance" of the photon determines the description of the state of the electron, which is related to it not any more physically but only via the connection of the state probabilities given in the wave function, the physical influence is apparently merely important as technical auxiliary means of the intellectual act of constituting a well-defined observation context.
C. Bohr's account
We briefly review Bohr's viewpoint on complementarity, measurement and temporal order in quantum experiments. Already in 1928, Bohr said about the requirement of using both a corpuscular and a wave description for electrons that "we are not dealing with contradictory but complementary pictures of the phenomena" (Bohr, 1928) . In his "Discussion with Einstein on epistemological problems in atom physics" (Bohr, 1949) he wrote:
Consequently, evidence obtained under different experimental conditions cannot be comprehended within a single picture, but must be regarded as complementary in the sense that only the totality of phenomena exhausts the possible information about the objects.
The term "phenomenon" is defined in the same article (Bohr, 1949) :
As a more appropriate way of expression I advocated the application of the word phenomenon exclusively to refer to the observations obtained under specified circumstances, including an account of the whole experimental arrangement. (Miller and Wheeler, 1983). in Fig. 3 . The sharp tail and head of the dragon correspond to Bohr's "specified circumstances" (the experimental preparation and arrangement) and the result of the observation (the outcome of the experiment), respectively. The body of the dragon, between its head and tail, is unknown and smoky: "But about what the dragon does or looks like in between we have no right to speak, either in this or any delayed-choice experiment. We get a counter reading but we neither know nor have the right to say how it came. The elementary quantum phenomenon is the strangest thing in this strange world." (Miller and Wheeler, 1983) Already in his response to the Einstein-PodolskyRosen (EPR) article (Einstein et al., 1935) , Bohr stresses the experimenter's "freedom of handling the measuring instruments" (Bohr, 1935) . Later, he wrote (Bohr, 1949) :
It may also be added that it obviously can make no difference as regards observable effects obtainable by a definite experimental arrangement, whether our plans for constructing or handling the instruments are fixed beforehand or whether we prefer to postpone the completion of our planning until a later moment when the particle is already on its way from one instrument to another. In the quantum-mechanical description our freedom of constructing or handling the experimental arrangement finds its proper expression in the possibility of choosing the classically defined parameters entering in any proper application of the formalism.
Therefore, in the language of Heisenberg, von Weizsäcker, and Bohr -the main proponents of the Copenhagen interpretation of quantum mechanics -the observer is free to choose at any point in time, even after physical interactions have been completed, the fur- S is removed, the detectors allow one to determine through which path the photon propagated. Which detector fires for an individual photon is absolutely random. Bottom right: When 1 2 S is inserted, detection probabilities of the two detectors depend on the length difference between the two arms. Figure taken from (Wheeler, 1984) .
ther classical conditions of the experiment. This decision, e.g., the positioning of the detector in the focal or image plane in the Heisenberg microscope experiment, defines which particular of the complementary observables is determined.
D. Wheeler's delayed-choice wave-particle duality gedanken experiment
The paradigm of delayed-choice experiments was revived by Wheeler in Ref. (Wheeler, 1978) and a series of works between 1979 and 1981 which were merged in Ref. (Wheeler, 1984) . To highlight the inherently nonclassical principle behind wave-particle complementarity, he proposed a scheme shown at the top in Fig. 4 , where one has a Mach-Zehnder interferometer and a singlephoton wave packet as input. After the first half-silvered mirror (beam splitter) on the left, there are two possible paths, indicated by '2a' and '2b'. Depending on the choice made by the observer, different properties of the photon can be demonstrated. If the observer chooses to reveal the its particle nature, he should not insert the second half-silvered mirror ( 1 2 S), as shown at the bottom left in Fig. 4 . With perfect mirrors (A and B) and 100% detection efficiency, both detectors will fire with equal probabilities but only one will fire for every individual photon and that event will be completely random. As Wheeler pointed out, "[...] one counter goes off, or the other. Thus the photon has traveled only one route" (Wheeler, 1984) .
On the other hand, if the observer chooses to demonstrate the photon's wave nature, he inserts the beam 6 FIG. 5 Delayed-choice gedanken experiment at the cosmological scale. Left: Due to the gravitational lens action of galaxy G-1, light generated from a quasar (Q) has two possible paths to reach the receptor. This mimics the setup in Fig. 4 . Center: The receptor setup. Filters are used to increase the coherence length of the light, thus allowing to perform the interference experiment. A fiber optics delay loop adjusts the phase of the interferometer. Right: The choice to not insert (top) or insert (bottom) the half-silvered mirror at the final stage of the experiment, allows to either measure which particular route the light traveled or what the relative phase of the two routes was when it traveled both of them. Given the distance between the quasar and the receptor (billions of light years), the choice can be made long after the light's entry into the interferometer, an extreme example of the delayed-choice gedanken experiment. Figure taken from (Wheeler, 1984) . splitter 1 2 S as shown at the bottom right in Fig. 4 . For identical beam splitters and zero path difference (or an integer multiple of the photon wavelength), only the detector on the bottom right will fire. As Wheeler pointed out: "This is evidence of interference [...] , evidence that each arriving light quantum has arrived by both routes" (Wheeler, 1984) .
One might argue that whether the single-photon wave packet traveled both routes or one route depends on whether the second half-silvered mirror is inserted or not. In order to rule out naive interpretations of that kind, Wheeler proposed a "delayed-choice" version of this experiment, where the choice of which property will be observed is made after the photon has passed the first beam splitter. In Wheeler's words: "In this sense, we have a strange inversion of the normal order of time. We, now, by moving the mirror in or out have an unavoidable effect on what we have a right to say about the already past history of that photon." And: "Thus one decides whether the photon 'shall have come by one route or by both routes' after it has already done its travel" (Wheeler, 1984) . Very much along the line of the reasoning of Bohr, one can talk only about a property of the quantum system, for example, wave or particle, after the quantum phenomenon has come to a conclusion. In the situation just discussed, this is only the case after the photon has completely finished its travel and has been registered. Illustrated in Fig. 5 , Wheeler proposed a most dramatic "delayed-choice gedanken experiment at the cosmological scale" (Wheeler, 1984) . He explained it as follows:
We get up in the morning and spend the day in meditation whether to observe by "which route" or to observe interference between "both routes." When night comes and the telescope is at last usable we leave the half-silvered mirror out or put it in, according to our choice. The monochromatizing filter placed over the telescope makes the counting rate low. We may have to wait an hour for the first photon. When it triggers a counter, we discover "by which route" it came with one arrangement; or by the other, what the relative phase is of the waves associated with the passage of the photon from source to receptor "by both routes"-perhaps 50,000 light years apart as they pass the lensing galaxy G-1. But the photon has already passed that galaxy billions of years before we made our decision. This is the sense in which, in a loose way of speaking, we decide what the photon "shall have done" after it has "already" done it. In actuality it is wrong to talk of the "route" of the photon. For a proper way of speaking we recall once more that it makes no sense to talk of the phenomenon until it has been brought to a close by an irreversible act of amplification: "No elementary phenomenon is a phenomenon until it is a registered (observed) phenomenon."
Given the distance between the quasar and the receptor (billions of light years), the choice is made by the experimenter long after the photon's entry into the cosmic interferometer (i.e. emission by the quasar). The speed of light of intergalactic space is not exactly the vacuum speed of light. Therefore, whether the experimenter's choice is in the time-like future of the emission event or space-like separated therefrom depends on the size of the interferometer and the amount of time between the choice event and the photon arrival at the second beam splitter. Depending on the specific parameters, Wheeler's delayed choice can thus be thought of being in the timelike future of, or space-like separated from, the photon emission. While Wheeler did not specifically discuss the latter case, it is particularly appealing because it rules out any causal influence from the emission to the choice which might instruct the photon to behave as a particle or as a wave.
Although Wheeler suggested employing (thermal) light from a quasar, it is conceptually important to use true 7 single photons rather than thermal light. This is because the indivisible particle nature of single photons guarantees that the two detectors will never click at the same time. Otherwise, one could explain the results by what is often called a semi-classical theory of light, where light propagates as a classical wave and is quantized only at the detection itself.
Therefore, important requirements for an ideal delayed-choice wave-particle duality experiment are (1) a free or random choice of measurement, (2) space-like separation between the choice and the entry of the quantum system into the interferometer, and (3) using singleparticle quantum states.
E. Delayed-choice quantum erasure
Scully an collaborators proposed the so-called quantum eraser (Scully and Drühl, 1982; Scully et al., 1991) , in which an entangled atom-photon system was studied. They considered the scattering of light from two atoms located at sites 1 and 2 and analyzed three different cases ( Fig. 6 ):
A. A resonant light pulse l 1 impinges on two two-level atoms (Fig. 6A ) located at sites 1 and 2. One of the two atoms is excited to level a and emits a photon labeled γ, bringing it back to state b. As it is impossible to know which atom emits γ, because both atoms are finally in the state b, one obtains interference of these photons at the detector. This is an analog of Young's double-slit experiment.
B. In the case of three atomic levels ( Fig. 6B) , the resonant light l 1 excites the atoms from the ground state c to the excited state a. The atom in state a can then emit a photon γ and end up in state b. The other atom remains in level c. This distinguishability of the atoms' internal states provides which-path information of the photon and no interference can be observed.
C. An additional light pulse l 2 takes the atom from level b to b' (Fig. 6C) . Then a photon labeled φ is emitted and the atom ends up in level c. Now the final state of both atoms is c, and thus the atoms' internal states cannot provide any which-path information. If one can detect photon φ in a way that its spatial origin (thus which-path information of γ) is erased, interference is recovered. Note that in this case, there are two photons: One is γ for interference, the other one is φ, acting as a which-path information carrier.
(This resembles closely von Weizsäcker's account of Heisenberg's microscope.)
Scully and Drühl designed a device based on an electrooptical shutter, a photon detector and two elliptical cavities to implement the above described experimental configuration C in a delayed-choice arrangement (Fig. 7) . There, one can choose to reveal or erase the which-path information after the photon γ has been generated.
In another proposal (Scully et al., 1991 ) the interfering system is an atomic beam propagating through two cavities coherently. The atomic state is the quantum superposition
, where |e i denotes the excited state of the atom passing through cavity i = 1, 2 (see Fig. 8 ). The excited atom can decay to its ground state |g i and emit a photon in state |γ i . In conjunction with the perfectly reflective shutters, the two cavities, separated by a photon detector wall, are used to trap the photon. Conditional on the emission of one photon γ from the atom in one of the cavities, the state of atom (a) and photon (p) becomes: Fig. 8a ). The same pattern will emerge when both shutters remain closed at all times. The lack of interference in both cases is because the which-path information is still present in the universe, independent of whether an observer takes note of it or not. Ignoring the photon state, which carries which-path information about the atom, leads to a mixed state of the atom of the from 1 2 (|g 1 g| + |g 2 g|) which cannot show an interference pattern.
However, the state (6) can also be written as
with the symmetric and antisymmetric photon states
(|γ 1 − |γ 2 ). If one opens both shutters and detects the symmetric photon state |+ 12 , one cannot in principle distinguish which cavity the atom propagated through as its state is the coherent superposition
. Detection of the photon in the state |+ 12 has erased the which-path information of the atom. Therefore, interference in the atom detections shows up again (solid curve in Fig. 8a and b) . If one detects the antisymmetric photon state |− 12 , the atomic state becomes a superposition with a different relative phase between the two paths,
(|g 1 − |g 2 ), leading to a shift of the interference pattern (dashed curve in Fig. 8b ). In Ref. (Scully et al., 1991) it was assumed that the detector has perfect detection efficiency but cannot be excited by the antisymmetric photon state, which is why the shifted interference pattern emerges in the case of both shutters being open and no eraser photon being detected. The detector wall used here is sufficiently thin 8   FIG. 6 The delayed-choice quantum eraser following (Scully and Drühl, 1982) . In A, two two-level atoms are initially in the state b. The incident pulse l1 excites one of the two atoms to state a from where it decays to state b, emitting a photon labeled γ. Because the final states of both atoms are identical, one can observe interference of the photons at the detector D. In B, two atoms are initially in the ground state c and one of them is excited by the pulse l1 to state a from where it decays to state b. Since the final states of both atoms are different, one cannot observe interference of the photons. In C, a fourth level is added. A pulse l2 excites the atom from state b to b'. The atom in b' emits a photon labeled φ and ends up in state c. If one can detect φ in a way that the which-path information is erased, interference can be recovered for photon γ. [Eq. Consider next an experimental arrangement which, in effect, allows us to "reduce" the photon states I Pi ) and I $2) to the vaccum with the excitation of a common photodetector. ' In order to accomplish this we place the scattering atoms in a particular elliptical cavity' as in Fig. 2 . The cavity is taken to be transparent to the radiation associated with the I&, I2, and y radiation, but to be highly reflecting in the case of the P photons. This is possible since the frequency of the (() (Scully and Drühl, 1982) ; figure taken therefrom. Laser pulses l1 and l2 are incident on atoms at sites 1 and 2. A scattered photon, γ1 or γ2, is generated by a → b atomic transition. The atom's decay from b → c produces a photon φ. This corresponds to the situation depicted in Fig. 6C . In order to operate this experiment in a delayed-choice mode, two elliptical cavities and an electro-optical shutter are employed. The cavities reflect φ onto a common detector. The electrooptical shutter transmits φ only when the switch is open. The choice of open or closed shutter determines whether or not the information which atom (1 or 2) emitted the photon is erased. This determines whether one can observe the wave or particle nature of γ. The choice can be delayed with respect to the generation of γ.
such that it cannot distinguish which side the photon has impinged on, and hence is able to collapse the photons' superposition states into the symmetric or antisymmetric state. It is important to note that the interference patterns of the atoms can only be seen in coincidence with the corresponding photon projections into the symmetric or antisymmetric states. (Scully et al., 1991) ; figure taken therefrom. A detector wall, separating two cavities for microwave photons, is sandwiched by two electrooptic shutters. a. By always opening only one of the shutters, the photon detections reveal the cavity where the photon was emitted and thus, which-path information for the atoms. Consequently, no interference pattern emerges. When, opening both shutters the photon detections will erase which-path information of the atoms and interference shows up. b. Both shutters are open. It is assumed that the detector wall can only be excited by the symmetric photon state |+ 12. Hence, if a photon is being emitted in one of the cavities but not detected, it was in the antisymmetric state |− 12. The detections of the symmetric and antisymmetric photon state gave rise to oppositely-modulated interference fringes of the atoms (solid and dashed curve), respectively.
This gedanken experiment triggered a controversial discussion on whether complementarity is more fundamental than the uncertainty principle (Englert et al., 1995; Storey et al., 1994 Storey et al., , 1995 . Wiseman and colleagues reconciled divergent opinions and recognized the novelty of the quantum eraser proposed by Scully et al. (Wise-man and Harrison, 1995; Wiseman et al., 1997) . Experimental demonstrations of the quantum eraser concept for atomic systems have been realized in Refs. (Eichmann et al., 1993) and (Dürr et al., 1998) , and will be reviewed in Section IV B.
A delayed-choice configuration can be arranged in this experiment: one can choose to reveal or erase the whichpath information of the atoms (by not opening or opening both shutters) after the atom finishes the propagation through the two cavities.
F. Delayed-choice entanglement swapping
When two systems are in an entangled quantum state, the correlations of the joint system are well defined but not the properties of the individual systems (Einstein et al., 1935; Schrödinger, 1935) . Peres raised the question of whether it is possible to produce entanglement between two systems even after they have been registered by detectors (Peres, 2000) . Remarkably, quantum mechanics allows this via entanglement swapping (Zukowski et al., 1993) . We note that Cohen had previously analyzed a similar situation in the context of counterfactual entanglement generation in separable states (Cohen, 1999) .
In entanglement swapping, two pairs of polarizationentangled photons, 1&2 and 3&4, are produced from two different EPR sources (Fig. 9 ). The initial four-photon entangled state is, e.g., of the form
where
are the entangled antisymmetric Bell (singlet) states of photons i and j. H and V denote horizontal and vertical polarization, respectively. While photon 1 is sent to Alice and photon 4 is sent to Bob, photons 2 and 3 propagate to Victor.
Alice and Bob perform polarization measurements on photons 1 and 4, choosing freely between the three mutually unbiased bases (Wootters and Fields, 1989 ) |H /|V , |R /|L , and |+ /|− , with |R =
(|H ± |V ). If Victor chooses to measure his two photons 2 and 3 separately in the H/V basis, i.e. in the basis of separable (product) states |H 2 |H 3 , |H 2 |V 3 , |V 2 |H 3 , and |V 2 |V 3 , then the answer of the experiment is one of the four random results. Upon Victor's measurement, also photons 1 and 4 will remain separable and be projected into the corresponding product state |V 1 |V 4 , |V 1 |H 4 , |H 1 |V 4 , or |H 1 |H 4 , respectively. Alice's and Bob's polarization measurements are thus only be correlated in the |H /|V basis.
However, the state (8) can also be written in the basis of Bell states of photons 2 and 3:
The concept of delayed-choice entanglement swapping. Two entangled pairs of photons 1&2 and 3&4 are produced, e.g., in the joint state |Ψ
34 from the EPR sources I and II, respectively. Alice and Bob perform polarization measurements on photons 1 and 4 in any of the three mutually unbiased bases and record the outcomes. Victor has the freedom of either performing an entangled-or separable-state measurement on photons 2 and 3. If Victor decides to perform a separable-state measurement in the fourdimensional two-particle basis {|H 2|H 3, |H 2|V 3, |V 2|H 3, |V 2|V 3}, then the outcome is random and one of these four product states. Photons 1 and 4 are projected into the corresponding product state and remain separable. On the other hand, if Victor chooses to perform an entangled-state measurement on photons 2 and 3 in the Bell-state basis {|Ψ with the entangled symmetric Bell (triplet) states |Ψ , respectively. Alice's and Bob's polarization measurements are thus correlated in all possible bases. This implies that Victor can establish entanglement between photons 1 and 4, although they have never interacted nor share any common past. After entangle-ment swapping, pairs 1&2 and 3&4 are no longer entangled, obeying the monogamy of entanglement (Coffman et al., 2000) .
Peres suggested an addition to the entanglementswapping protocol, thereby combining it with Wheeler's delayed-choice paradigm. He proposed that the correlations of photons 1 and 4 can be defined even after they have been detected via a later projection of photons 2 and 3 into an entangled state. According to Victor's choice and his results, Alice and Bob can sort their already recorded data into subsets and can verify that each subset behaves as if it consisted of either entangled or separable pairs of distant photons, which have neither communicated nor interacted in the past. Such an experiment leads to the seemingly paradoxical situation, that "entanglement is produced a posteriori, after the entangled particles have been measured and may even no longer exist" (Peres, 2000) .
Since the property whether the quantum state of photons 1 and 4 is separable or entangled, can be freely decided by Victor's choice of applying a separable-state or Bell-state measurement on photons 2 and 3 after photons 1 and 4 have been already measured, the delayed-choice wave-particle duality of a single particle is brought to an entanglement-separability duality of two particles.
G. Quantum delayed-choice
Wheeler's delayed choice experiment [redrawn in Fig.  10 (a)] of a photon in an interferometer with phase ϕ can be translated into the language of quantum circuits (Nielsen and Chuang, 2000) , where Hadamard gates represent the beam splitters and an ancilla is used in a quantum random number generator (QRNG) for making the choice [Fig. 10(b) ]. A quantum version of this experiment was suggested (Ionicioiu and Terno, 2011) , where the ancilla can coherently control the second beam splitter of the interferometer [Fig. 10(c) ]. Bias can be achieved by more general ancilla states cos α |0 + sin α |1 with amplitudes depending on a parameter α [ Fig. 10(d) ]. By this, it is meant that the second beam splitter can be in a superposition of being present and absent. Following the language of Wheeler, the photon must consequently be in a superposition of particle and wave at the same time. Moreover, one can arbitrarily choose the temporal order of the measurements. In particular, if one measures the ancilla after the photon, the latter can be described as having behaved as a particle or as a wave after it has been already detected. From the experimental point of view, it is advantageous that no fast switching of any devices is required.
With an appropriate alignment of the interferometer, before the detectors in Fig. 2 (d) the state of the photon and the ancilla reads
complementary phenomena demands mutually exclusive experimental arrangements.'' Classical concepts like particle or wave (as in ''wave-particle duality'') do not translate perfectly into the quantum language. For example, although we observe interference (a definite wavelike behavior), the pattern is produced click-by-click, in a discrete, particlelike manner [2] . Notwithstanding this ambiguity, and with this proviso, we adopt as operational definition of ''wave'' or ''particle'' to stand for ''ability'' or ''inability'' to produce interference [3] . A good illustration of wave-particle complementarity is given by a Mach-Zehnder interferometer (MZI), Fig. 1 . A photon is first split by beam splitter BS 1 , travels inside an interferometer with a tunable phase shifter ', and is finally recombined (or not) at a second beam splitter BS 2 before detection. If the second beam splitter is present we observe interference fringes, indicating the photon behaved as a wave, traveling both arms of the MZI. If BS 2 is absent, we randomly register, with probability 1 2 , a click in only one of the two detectors, concluding that the photon travelled along a single arm, showing particle properties.
This contradictory behavior prompted Wheeler to formulate the delayed-choice experiment [4] [5] [6] [7] [8] . In Wheeler's delayed-choice experiment one randomly chooses whether or not to insert the second beam splitter when the photon is already inside the interferometer and before it reaches BS 2 [ Fig. 1(a) ]. The rationale behind the delayed choice is to avoid a possible causal link between the experimental this classical control with a quantum device. This enables us to extend Wheeler's gedanken experiment to a quantum delayed choice. Quantum elements in various experimental (23)=230406 (5) 230406 - with the photon states
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The overlap between the latter states is particle|wave = 2 −1/2 cos ϕ. As ϕ varies, the probability to find the photon in state 0 is I p (ϕ) = 1 2 (visibility V = 0) for the particle state and I w (ϕ) = cos 2 ϕ 2 (visibility V = 1) for the wave state. Eq. (10) is a quantitative expression of complementarity, and the question whether a system behaves as a wave can now be seen in the language of mutually unbiased bases. If the photon data is analyzed in the respective subensembles of the ancilla outcomes, it shows either perfect particle-like (ancilla in |0 , photon visibility V = 0) or wave-like behavior (ancilla in |1 , photon visibility V = 1).
For an equal-weight superposition (α = π 4 ), analyzing only the photon data itself as a function of ϕ leads to an interference pattern with a reduced visibility of V = 1 2 . Changing α from 0 (photon certainly in state |particle ) to π 2 (|wave ) allows to continuously morph into particle and wave properties. Ignoring the ancilla outcome, the detector for the photon state 0 fires with probability
corresponding to a visibility V = sin 2 α.
A hidden-variable based analysis of quantum delayedchoice experiments without space-like separation between system photon and ancilla shows its equivalence with classical delayed-choice experiments with space-like separation (Céleri et al., 2014) . The continuous morphing behavior predicted by quantum mechanics in quantum delayed-choice experiments cannot be described by hidden-variable theories for the system photon and the ancilla, which obey objectivity ("particle" and "wave" are intrinsic attributes of the system photon during its lifetime), determinism (the hidden variables determine the individual outcomes), and independence (the hidden variables do not depend on the experimental setting, i.e. the choice of α) (Ionicioiu et al., 2012) . Moreover, these three assumptions are indeed incompatible with any theory, not only quantum mechanics .
III. REALIZATIONS OF DELAYED-CHOICE WAVE-PARTICLE DUALITY EXPERIMENTS A. First realizations of Wheeler's delayed-choice experiment
Inspired by Wheeler's gedanken experiment, there have been several concrete experimental proposals and analyses for different physical systems, including neutron interferometers (Greenberger et al., 1983; Miller, 1983; Miller and Wheeler, 1983) and photon interferometers (Alley et al., 1983; Mittelstaedt, 1986) . Pioneering endeavors in realizing these experiments have been reported in Refs. (Alley et al., 1986; Hellmuth et al., 1987; Schleich and Walther, 1986 ).
Hellmuth and collaborators performed delayed-choice experiments with a low-intensity Mach-Zehnder interferometer (MZI) in the spatial domain as well as timeresolved atomic fluorescence in the time domain (Hellmuth et al., 1987) . The layout of the delayed-choice experiment in the spatial domain is shown in Fig. 11 . An attenuated picosecond laser (on average less than 0.2 photons per pulse) was used as the light source for the MZI. Two 5 m (20 ns) glass fibers were used to delay the input photon. The transit time of the photon through the whole interferometer was about 24 ns. The combination of a Pockels cell (PC) and a polarizer (POL) was placed in the upper arm of the MZI as a shutter.
When a half-wave voltage was applied on the Pockels cell, it rotated the polarization of the photons propagating through it, such that they are reflected out of the interferometer. In this case the shutter was closed and interference vanished as the upper path of the interferometer was interrupted and only photons from the lower arm could reach the photomultipliers (PM 1 and PM 2 shutter was open upon the photon's arrival, one could observe the interference pattern, because then no information was present about the path the photon took.
The temporal structure in the "delayed-choice mode" of this experiment was as follows. The input photon met beam splitter 1 first, where its amplitude was split between two paths through the interferometer. It then was kept in a fiber, one in each path, for 20 ns. During the photon propagation in the fiber, the shutter opened after 4 ns PC rise time. Then the photon exited from the fibers, and met the opened shutter and beam splitter 2 sequentially. Therefore, in this case, opening of the shutter was delayed until after the input photon met beam splitter 1 and was well inside of the interferometer. With this experimental arrangement, the photon's entry into the MZI was clearly located in the past light cone of opening the shutter.
In the "normal mode", opening the shutter was prior to the input photon meeting beam splitter 1. The authors alternated the experimental arrangement from the normal mode (opening the shutter before the photon reaches beam splitter 1) to the delayed-choice mode (opening the shutter after the photon reaches beam splitter 1) for each FIG. 13 Schematic diagram of the device generating the random choices proposed in (Alley et al., 1983) and used in (Alley et al., 1986) ; figure taken therefrom. A weak light pulse emitted from a light emitting diode has a pulse duration of 0.67 ns. The detection event of this light pulse makes the random choice which determines the setting of the Pockels cell. To realize that, a photocathode with 50% probability of producing a photo-electron within 1 ns is amplified by a fast amplifier within 2 ns. This electric pulse then triggers the avalanche transistor chain switch and hence the Pockels cell. The time of the choice can be tuned with respect to the photon's entry into the MZI.
successive light pulse, while they kept all the other experimental configurations to be the same, in particular the phase of the MZI. The photon counts detected by PM 1 as a function of the phase variation are presented in Fig. 12 . The results measured by PM 2 showed complementary behavior, i.e. the pattern is shifted by a phase π with respect to the one recorded by PM 1.
This experiment is one of the pioneering realizations of Wheeler's gedanken experiment, although no true single photons were used and no real active choices were implemented. The switch-on time of the Pockels cell was delayed, but eventually it was turned on such that always the light's wave character was tested.
Alley and co-workers have put forward a concrete scheme for realizing Wheeler's gedanken experiment with a delayed and random choice for the configuration (open or closed) of a MZI (Alley et al., 1983) . Three years later, they reported successful experimental demonstration in Ref. (Alley et al., 1986) . The full details of this work are described in (Jakubowicz, 1984) . The experiment was conceptually similar to that in (Hellmuth et al., 1987) with some important differences. It was realized with a 4 m by 0.3 m free space interferometer, where delayed random choices were implemented. An additional photomultiplier was used to detect the photons which were reflected out of the interferometer by the combination of the Pockels cell and the polarizer. The random choice was made at a photocathode which had a 50% probability of producing a photo-electron upon the strike of a laser pulse. This photo-electron was then amplified and used to switch the EOMs in the MZI. The detailed information of the random-choice generation is shown in Five experimental runs with different space-time configurations were implemented. The equivalent one-spacedimensional space-time diagram is shown in Fig. 14 . In runs R, T and U the choice events were not only 3.5 ns delayed with respect to the entry of the photons into the MZI in the laboratory reference frame (event E, the origin point in Fig. 13 ) but also space-like separated from E. In run Y, the choices were also space-like separated from E but took place 5 ns earlier. In run W, the choices were in the time-like past of E. About 90% interference visibility was obtained when the wave property of the input photons was measured, and no observable interference was obtained when the particle property was measured. The authors conclude: "The predictions of quantum mechanics are confirmed even with the choice of the final configuration being made randomly during the course of the 'elementary quantum phenomenon" (Alley et al., 1986) .
B. Wheeler's delayed-choice experiment with single photons
To meet the requirement of using a single-particle quantum state, Baldzuhn and collaborators used heralded single photons generated from spontaneous para- 13   FIG. 15 Setup of the delayed-choice experiment reported in Ref. (Baldzuhn et al., 1989) ; figure taken therefrom. Photon pairs were produced by parametric down conversion in the LiIO3 crystal. Detection of the (trigger) photon 1 in D1 heralded (signal) photon 2 propagating through fiber F to a Sagnac interferometer. The detection at D1 triggered a Pockels cell P in the interferometer through which the signal photons propagated in a clockwise or anti-clockwise path before reaching detector D2. The signal photons showed wave behavior, if the Pockels cell was continuously left on or off. Particle behavior was revealed if the Pockels cell was switched on at the moment when the signal photons reached the reference point I in the interferometer.
metric down conversion (SPDC) (Friberg et al., 1985) to perform a delayed-choice wave-particle experiment (Baldzuhn et al., 1989) . The layout of the setup is shown in Fig. 15A . The detection of one (trigger) photon was used to trigger a Pockels cell (P) in a Sagnac interferometer (Sagnac, 1913) through which the other (signal) photon propagated.
In the clockwise path, the signal photon first passed the Pockels cell P and then the reference point I. In the anti-clockwise path, however, the situation is reverse. (a) If the Pockels cell was off during the photon's propagation through the whole interferometer, the polarization of the signal photon was not rotated and remained the same for both the clockwise and the anti-clockwise path. (b) Similarly, if the Pockels cell was continuously on, the polarization was rotated in both paths. In both cases (a) and (b) the final polarization state was the same for both paths, leading to interference. If, however, the Pockels cell was switched on at the time when the signal photon arrives at the reference point I and was kept on until after the photon met the beam splitter again, no interference was observed. This is because the polarization of the clockwise path remained unchanged, while the polarization of the counter-clockwise path was rotated. The polarization degree of freedom introduced a distinguishability between the two paths and hence destroyed the possibility of interference.
The experimental results are presented in Fig. 16 . If the Pockels cell was continuously on or off, one observed an interference pattern (Fig. 16A) . This corresponds to the photon's wave-like behavior. On the other hand, if   FIG. 16 Experimental results of the delayed-choice experiment in Ref. (Baldzuhn et al., 1989) ; figures taken therefrom. A: If the Pockels cell was continuously on or off, an interference pattern was observed. B: If the Pockels cell was switched on when the signal photon reached the reference point I, indicated in Fig. 15 , no interference showed up.
the Pockels cell was switched on at the time when photon passed the reference point I, no interference pattern was observed (Fig. 16B) . This corresponds to the particle-like behavior of the photon.
The delayed-choice aspect of this experiment was realized by delaying the signal photon by an optical fiber (labeled 'F' in Fig. 16A ) and varying the time of the application of the voltage on the Pockels cell via electronic delays. This allowed to switch the Pockels cell at the time when the photon was at the reference point, i.e. already within the interferometer. Space-like separation between the choice of the performed measurement and the entering of the photon into the interferometer was not implemented in this experiment.
C. Wheeler's delayed-choice experiment with single photons and space-like separation Two important requirements of an ideal realization of delayed-choice wave-particle duality gedanken experiment -namely, use of single-particle quantum states as well as space-like separation between the choice of the measurement and the entry of the particle into the interferometer -have been fulfilled simultaneously in Refs. (Jacques et al., 2007 (Jacques et al., , 2008 . NV color centers in diamonds were employed as single-photon sources (Kurtsiefer et al., 2000) . As shown in Fig. 17A , a 48-meterlong polarization interferometer and a fast electro-optical modulator (EOM) controlled by a quantum random number generator (QRNG) were used to fulfill relativistic space-like separation. The random numbers were generated from the amplified shot noise of a white light beam.
The space-time diagram of this experiment is illustrated in Fig. 17B . The sequence for the measurement applied to the n-th photon constituted of three steps. First, the choice was made by the QRNG, creating a binary random number (blue), which determined the interferometer configuration. This choice happened simulta- neously with the trigger pulse of the n-th photon's emission. Second, the random number (bit values 1, 0, 1 for photons n − 1, n, n + 1 in Fig. 17B ) drove the EOM voltage to V = 0 (bit value 0) or V = V π (bit value 1) within rise time 40 ns (red), which determined the state of the second beam splitter (BS output ). Finally, the photon was recorded by detectors D1 or D2, after its time of flight τ interf in the interferometer. The blue zone in Fig. 17B represents the future light cone of the choice. The event "entry of photon into the interferometer" was space-like separated from the respective choice. If the EOM was on with voltage V = V π , one erased the polarization dis-
, ''It obviously can make no difference as regards observable effects obtainable by a definite experimental arrangement, whether our plans of constructing or handling the instrument are fixed beforehand or whether we prefer to postpone the completion of our planning until a later moment when the particle is already on its way from one instrument to another.'' Such an intriguing property of quantum mechanics forces one to renounce some commonsense representations of the physical reality. We warmly thank A. Clouqueur and A. Villing for the realization of the electronics, and J.-P. Madrange for all mechanical realizations of the interferometer. This work is supported by Institut Universitaire de France. in [28] , these expe in the framework do not correspond (see Ref. [14] tinguishability of the two paths and thus observed an interference pattern when tuning the phase of the interferometer by tilting BS intput (Fig. 17C) . If, however, the EOM was switched off, due to the polarization distinguishability of the two paths, no interference showed up (Fig. 17D) .
Furthermore, Jacques and co-workers varied the driving voltages applied to the EOM and thus realized a fast switchable beam splitter with an adjustable reflection coefficient R (Jacques et al., 2008) . The QRNG switched this beam splitter on and off randomly. Each randomly set value of R allowed them to obtain partial interference with visibility V and partial which-path information. The which-path information was parameterized by the distinguishability D. The authors confirmed that V and D fulfilled the complementary relation (Englert, 1996; Greenberger and Yasin, 1988; Jaeger et al., 1995; Wootters and Zurek, 1979 )
as shown in Fig. 18 . The visibility is defined as V = (p max − p min )/(p max + p min ), with p max and p min the maximal and minimal probability for recording a photon in a chosen detector when scanning through the phase of the interferometer. The distinguishability (or which-path information) is defined as
2)| and p(i, j) the probability that the photon traveled path i = 1, 2 and is recorded by detector j = 1, 2. The quantity D 1 is measured by blocking path 2, and vice versa.
IV. REALIZATIONS OF DELAYED-CHOICE QUANTUM ERASER EXPERIMENTS
Delayed-choice experiments with two particles offer more possibilities than those with single particles. Especially in the experiments performed with entangled particles in the context of quantum erasure, the choice of measurement setting for one particle can be made even after the other particle has been registered. This has been shown in delayed-choice quantum eraser experiments, where the which-path information of one particle was erased by a later suitable measurement on the other particle. This allowed to a posteriori decide a singleparticle characteristic, namely whether the already measured photon behaved as a wave or as a particle. We will discuss the experimental realizations along this line in the following sections.
A. Photonic quantum erasure
Energy-time (Friberg et al., 1985; Joobeur et al., 1994) , momentum (Rarity and Tapster, 1990 ) and polarization (Kwiat et al., 1995; Shih and Alley, 1988) entanglement of photon pairs generated from SPDC have been widely used in experiments realizing photonic quantum erasure. Herzog and co-workers used photon pairs generated from type-I SPDC and demonstrated the quantum eraser concept via various experiments (Herzog et al., 1995) . Polarization as well as time delay were used as quantum markers, and wave plates as well as narrowbandwidth interference filters as quantum erasers. They harnessed the momentum entanglement and polarization correlation between photon pairs, and performed remote measurements on one photon either revealing or erasing which-path of the interfering of the other one.
An arrangement consisting of a double slit and two entangled particles allows a combination of the gedanken experiments of Heisenberg's microscope and the quantum eraser. Dopfer and collaborators employed photon pairs generated from type-I SPDC (Dopfer, 1998; Zeilinger, 1999 Zeilinger, , 2005 . Due to the phase matching condition, photons 1 and 2 are entangled in their linear momentum states. Fig. 19A shows one of their experimental configurations. Photon 2 passed a double-slit and a lens and was measured by a static detector D2 in the focal plane. Photon 1 was sent through another lens with focal length f and was measured by detector D1, which was mounted on translation stages capable of moving along both axes x and z. This allowed an implementation of the idea of von Weizscker switching from the focal plane to the image plane.
If D1 was placed in the focal plane of the lens (i.e. at distance f from the lens), one measured photon 1's momentum state and hence lost the information about its position. Due to the momentum entanglement, the (Dopfer, 1998) .
measurement of photon 1's momentum state projected the state of photon 2 into a momentum eigenstate which could not reveal any position information. One therefore had no information whatsoever about which slit photon 2 went through. When both photons were detected, neither photon 1 nor photon 2 revealed any path information. Therefore, when they measured the coincidence counts between D1 and D2 as a function of D1's position along the x-axis, an interference pattern showed up with a visibility as high as 97.22% (Fig. 19B) . On the other hand, when D1 was placed in the image plane (i.e. distance 2f from the lens), the detection events of photon 1 revealed the path photon 2 took through the double slit. In Fig. 19C , two prominent peaks indicate the profile of the double-slit assembly with no interference pattern.
In the experiment of Walborn and collaborators (Walborn et al., 2002) , one photon of a polarization-entangled pair impinged on a special double-slit device, where two quarter-wave plates, oriented such that their fast axes are orthogonal, were placed in front of each slit to serve as which-path markers. The quarter-wave plates rotated the polarization states of the photons passing through them and hence the subsequent slits. This rotation introduced a distinguishability of the two possible paths and thus destroyed the interference pattern. To recover interference, they used polarization entanglement and measured the polarization of the other entangled photon in a proper basis. They have also performed this experiment under delayed erasure conditions, in which the interfering photon is detected before its entangled twin. The experimental data was in agreement with the predictions of quantum mechanics.
B. Atomic quantum erasure
Light scattered from laser-cooled atoms provides information on the localization of atoms and can be used to realize quantum eraser experiments, if the atomic separation is large enough and the wave length of the scattered light short enough to allow in principle identification of the atom's position by imaging conditions. In Ref. (Eichmann et al., 1993) , an experiment with light scattered from two ions was performed. By employing the polarization of the scattered light, the authors realized the above mentioned cases A and B in Section II.E and observed polarization-detection dependent interference patterns.
Dürr and collaborators carried out an atomic interferometric experiment showing that the disturbance of path detection on an atom's momentum is too small to destroy the interference pattern (Dürr et al., 1998) . The principle of their experiment is shown in Fig. 20a . By using a standing-wave grating formed by off-resonant laser light, the collimated atomic beam A was split into two beams: beam B was reflected and beam C was transmitted. After free propagation for a time duration of t sep , they were separated by a lateral distance d. The beams B and C were then split again by a second standing light wave grating. In the far field, the complementary spatial interference patterns were observed in two regions. Experimentally, the authors varied the phase of the atomic interferometer by setting different separation durations t sep between the first and the second standing-wave gratings. Interference patterns with visibilities of (75 ± 1)% and (44 ± 1)% for t sep = 105 µs and 255 µs, shown in Fig. 20b and c, have been observed which were in good agreement with the theoretical expectations.
The internal electronic states |2 and |3 were used as a which-path detector for the paths B and C (shown The atomic beam A was split into two beams; beam B was reflected by the first Bragg grating formed by a standing wave, and beam C was transmitted. The atomic beams freely propagated for a time duration of tsep and acquired a lateral separation d. The beams B and C were then split again by a second standing light wave grating. In the far field, complementary spatial interference patterns were observed in two regions. These interference patterns were due to superpositions of beams D and E (F and G). b and c show the spatial fringe patterns in the far field of the interferometer for tsep = 105 µs with d = 1.3 µm and tsep = 255 µs with d = 3.1 µm, respectively. The left and right complementary interference patterns were respectively generated by the atomic beams D and E, and F and G (shown in a). The dashed lines indicate the sum of the intensities of two interference patterns obtained with a relative phase shift of π. d illustrates the simplified scheme of the internal atomic states, which were addressed using microwave (mw) radiation and light. e illustrates the principle of correlating the path the atoms took with their internal electronic states. The standing-wave grating produced a relative π phase shift of state |2 relative to |3 conditional on its path. A Ramsey interferometer employed two microwave π 2 pulses and converted different relative phases into different final internal states |2 and |3 , respectively. f : When the which-path information was stored in the internal atomic state, the interference patterns vanished.
in Fig. 20d ). These two states were addressed and manipulated with microwave pulses. Fig. 20e shows how the atomic internal electronic states can be employed in controlling the paths the atoms took. The authors converted the input state |2 to a superposition state |2 + |3 by a π/2 microwave pulse with the frequency of ω mw = ω 3 − ω 2 , where ω 2 and ω 3 are the frequencies of states |2 and |3 . (We omit the normalization to be consistent with the original notation). Then a standingwave grating was formed by a laser with frequency ω light , which was tuned to be halfway between the |2 → |e and |3 → |e transitions to the excited state |e , i.e. ω light = ω e − ω3−ω2 2 . Due to these detunings an internalstate dependent phase shift was implemented. In the reflected arm (B), the light grating induced a π phase shift on state |2 with respect to |3 resulting in state |3 − |2 . In the transmitted arm (C), no phase shift was induced and hence the state remained |3 + |2 . A subsequent π/2 microwave pulse converted the superposition states in the reflected and transmitted arm to |2 and |3 , respectively. Therefore, the atom path in the interferometer was correlated with its internal electronic states. Consequently, no interference patterns did arise, as shown in Fig. 20f .
In this experiment, the disturbance of the path, which was induced by using microwave pulses, was four orders of magnitude smaller than the fringe period and hence cannot explain the disappearance of the interference patterns. Instead, "the mere fact that which-path information is stored in the detector and could be read out already destroys the interference pattern" (Dürr et al., 1998) .
We also remark here that neutral kaon systems have been theoretically suggested to be suitable for a demonstration of quantum erasure as shown in Ref. (Bramon et al., 2004) . There, strangeness oscillations would represent the interference pattern linked to wave-like behavior.
C. Quantum erasure with delayed choice
In (Kim et al., 2000) , a pair of entangled photons was used to mimic the entangled atom-photon system proposed in (Scully et al., 1991) . The layout of the experimental setup is shown in Figure 21a . The photon pair was generated noncollinearly either from region A or region B of a β-Barium borate (BBO) crystal via type-I SPDC. Photon 1, simulating the atom, propagated to the right and was focused by a lens. It was then detected by D 0 , which was mounted on a step motor capable of changing the lateral position x 0 .
Photon 2, propagating to the left, passed through one or two of the three beam splitters. If the pair was generated in region A, photon 2 would follow path a and meet beam splitter BSA, where it had a 50% chance of being reflected or transmitted. If the pair was generated in region B, photon 2 would propagate path b and meet beam splitter BSB, again with a 50% chance of being reflected or transmitted.
In the case that photon 2 was transmitted at BSA or BSB, it would be detected by detector D 3 information (path a or path b) for photon 2, thus also providing the which-path information for photon 1 due to the linear momentum entanglement of the photon pair. Therefore, there was no interference, as verified by the results shown in Figure 21b .
On the other hand, given a reflection at BSA or BSB, photon 2 continued its path to meet another 50:50 beam splitter BS and was then detected by either D 1 or D 2 . The detection by D 1 or D 2 erased the which-path information carried by photon 2 and therefore an interference pattern showed up for photon 1 (Figure 21c ). This confirmed the theoretical prediction.
The "choice" of observing interference or not was made randomly by photon 2 by being either reflected or transmitted at BSA or BSB. In the actual experiment, the photons traveled almost collinearly, but the distance from the BBO to BSA and BSB was about 2.3 m (7.7 ns) longer than the distance from the BBO to D 0 . Thus, after D 0 was triggered by photon 1, photon 2 was still be on its way to BSA or BSB, i.e., the which-path or the bothpath choice was "delayed" compared to the detection of photon 1.
As an extension, a delayed-choice quantum eraser experiment based on a two-photon imaging scheme using entangled photon pairs (signal and idler photons) was reported in Ref. (Scarcelli et al., 2007) . The complete which-path information of the signal photon is transferred to the distant idler photon through a "ghost" image. By setting different sizes of the apertures, the authors could either obtain or erase which-path information. In the case of which-path information erasure, interference with a visibility of about 95% was obtained.
When not erasing which-path information, no interference was observed.
D. Quantum erasure with active and causally disconnected choice
Quantum erasure with an active and causally disconnected choice was experimentally demonstrated in Ref. (Ma et al., 2013) . To this end, the erasure event of which-path information had to be space-like separated from the passage of the interfering system through the interferometer as well as its detection event. Based on the special theory of relativity, the event of quantum erasure was therefore causally disconnected from all relevant interference events.
The concept of the experiment is illustrated in Fig.  22A . Hybrid entangled photon pairs (Ma et al., 2009) were produced, with entanglement between the path a or b of one photon (the system photon s) in an interferometer, and the polarization H or V of the other photon (the environment photon e):
Analogous to the original proposal of the quantum eraser, the environment photon's polarization carried whichpath information of the system photon due to the entanglement between the two photons. Depending on which polarization basis the environment photon was measured in, one was able to either acquire which-path information of the system photon and observe no interference, or erase which-path information and observe interference. In the latter case, it depended on the specific outcome of the environment photon which one out of two different interference patterns the system photon was showing. The quantum eraser concept under Einstein locality was tested on two different length scales. In a first experiment performed in Vienna in 2007, the environment photon was sent away from the system photon via a 55 m long optical fiber ( Fig. 22B and C) . In a second experiment performed on the Canary Islands in 2008, the photons were separated by 144 km via a free-space link. See the caption of Fig. 22 for details on the first experiment and its space-time diagram.
In order to quantitatively demonstrate quantum erasure under Einstein locality, the authors employed a bipartite complementarity inequality of the form (14) (Englert, 1996; Greenberger and Yasin, 1988 ; Jaeger et al., The source S emits path-polarization entangled photon pairs. The system photons propagate through an interferometer (right side), and the environment photons are subject to polarization measurements (left). B: Scheme of the Vienna experiment: In Lab 1, the polarization entangled state generated via type-II spontaneous parametric downconversion, is converted into a hybrid entangled state with a polarizing beam splitter (PBS1) and two fiber polarization controllers (FPC). In Lab 2, the polarization projection setup of the environment photon consists of an electro-optical modulator (EOM) and another polarizing beam splitter (PBS2). In Lab 3, the choice is made with a quantum random number generator (QRNG) (Jennewein et al., 2000) . C: Space-time diagram. The choice-related events Ce and the polarization projection of the environment photon Pe are space-like separated from all events of the interferometric measurement of the system photon Is. Additionally, the events Ce are also space-like separated from the emission of the entangled photon pair from the source Ese. The shaded areas are the past and the future light cones of events Is. This ensures that Einstein locality is fulfilled. Figures taken from (Ma et al., 2013) .
1995; Wootters and Zurek, 1979) , in which D and V stand for conditional which-path information (distinguishability) and interference visibilities respectively. It is an extension of the single-particle complementarity inequality (experimentally verified in Ref. (Jacques et al., 2008) and discussed in Section III.C). Under Einstein locality, D and V were measured in sequential experimental runs as a function of the applied voltage of the EOM, which changed the polarization projection basis of the environment photon. Hence, a continuous transition between measurements of particle nature and wave nature was acquired. The results are shown in Fig. 23 .
Note that similar setups have been proposed in Refs. (Ballentine, 1998; Grangier, 1986; Kwiat and Englert, 2004) . Another successful experiment along this line was reported in (Kaiser et al., 2012) . Kaiser and collaborators used polarization-entangled photon pairs at the telecom wavelength. Every 'test' photon was sent into an interferometer (with phase θ ≡ ϕ), while the corresponding 'corroborative' photon was subject to a polarization measurement. While no active random choices were implemented in their experiment, the detection events of the corroborative and test photon were space-like separated (Fig. 24) .
The interferometer employed a polarization-dependent beam splitter (PDBS) with bulk optics which was able to reflect horizontally polarized test photons with close to 100% probability and reflect/transmit vertically polar- When the corroborative photon was found to be horizontally polarized, the test photons produced an intensity pattern following expression (13), with θ ≡ ϕ. The same pattern emerged when the corroborative photon was measured in the |+ /|− basis, verifying the entanglement.
ized photons with 50%/50% probability. Then polarizing beam splitters oriented at 45 to the H/V basis erased all polarization information that potentially existed at the PDBS output. The corroborative photon passed an EOM which rotated its polarization state by an angle α before it was measured. The total quantum state of the test (t) and corroborative photon (c) was
. (16) Here, |particle and |wave are defined similar to (11) and (12) . This allowed for a continuous transition between wave and particle properties, verifying the predicted intensity pattern of Eq. (13).
E. Quantum delayed-choice
Quantum delayed choice shares a few features with quantum erasure. An experiment following the proposal described in chapter II.G has recently been realized using single photons in an interferometer (Tang et al., 2012) . This was achieved by taking the polarization state of the photon itself as the ancilla. Only the horizontally polarized photons |H passed through a second beam splitter, while for vertical polarization |V the interferometer was open. Similar to Eq. (10), with initial polarization state sin α |V + cos α |H the total one-photon state was transformed into:
where |particle = (|0 + e iϕ |1 )/ √ 2 and |wave = e iϕ/2 × (cos (11) and (12), and |0 and |1 are the path states in the interferometer. (Note the different conventions for the ancilla bias parameter α in states (10) and (17) .)
where N ij (i,j ¼ 0,1) is the detected photon number of path j when path i is unblocked (and the other path blocked). The which-path information is almost fully extracted. Further details of the definition and distinguishability for other cases have been addressed elsewhere 22 . We see a mixing of Fig. 3a and Fig. 3e in the intermediate cases. The visibilities become small, but the centres (that is, the average of the maximum and minimum) and the curve shapes do not change. The differences between the experimental and theoretical values are caused by the counting statistics, the dark and background counts, and the tiny instability of the MZIs.
However, the situation is different for the quantum wave-particle superposition, as shown by the blue symbols in Fig. 3 . The blue lines show the corresponding theoretical fit, derived from equation (3) (see Methods). The fitting parameters d 0 and d 1 change very little, which further illustrates the stability of our experimental set-up. Except in the cases of a ¼ 0 and p/2, in which the photons all go through the particle layer or the wave layer, the curves are strikingly different between the quantum-superposition and classical-mixture cases.
To show these differences more comprehensively, we extracted three quantities from Fig. 3 : the centre of the curve, the visibility and the ratio of the rise period to the total period ('centre', 'visibility' and 'ratio' for short). The results are shown in Fig. 4 . The red symbols show the classical wave-particle mixture, and the blue symbols the quantum superposition. The larger symbols show the experimental results taken from Fig. 3 , and the smaller symbols the theoretical simulation results. More analyses are found in Supplementary Section S3.
We should note that, although we use terminology that refers to the 'classical mixture' and the 'quantum superposition' of waveparticle properties due to equation (2) and equation (3) (see Methods), both terms reflect the results of the quantum delayedchoice experiment because the primary character of the 'quantum' here is the use of a quantum detecting device (pc-BS). When the single photon reaches BD2 (beam displacer) it has completely passed BD1, because the 3 ns delay is somewhat larger than the 0.563 ns time duration of this photon. The photon makes a choice, but because the pc-BS remains at a quantum superposition of the eigenstates (presence and absence, corresponding to |Hl and |Vl, respectively), the photon can never know which choice it has made, even after it has passed the pc-BS; that choice is only revealed when the state of the pc-BS is detected on the eigenstates. Therefore, in this scheme, the photon cannot know the state of the detecting device before it passes BD1 in order to adjust itself to exhibit the corresponding property. The hidden-information theory is denied once again.
By tracing out the pc-BS states, the results of the collapse for both the presence state and the absence state are summed. Because of this summation, it is convenient for us to detect directly the number of whole photons in the same path, without splitting them with a horizontally placed polarization beamsplitter and then summing them again. This process produces the classically mixed results that we presented previously, that is, the morphing between oscillation and non-oscillation states.
It is interesting to consider what will happen if the pc-BS is not collapsed to the eigenstates, but to a superposition state, such as
. This is a novel scenario that can be realized with a quantum beamsplitter experiment. equation (3) (see Methods) shows that the result is a quantum superposition of the wave and particle states of the photon, as opposed to a classical statistical mixture of the two states. The experimental results give a completely different result from the classical mixture, because there is quantum interference between the wave and particle properties. This phenomenon has not previously been revealed, and brings a whole new meaning to the concept of wave-particle duality.
The application of a quantum detecting device leads to a reinterpretation of the complementarity principle 10 , because the detecting device should be classical according to the regular concept. The same problem also appears in many experiments that are the foundations of quantum mechanics, such as the Bell inequality test 23 , the Kochen-Specker inequality test 24 , and The set-up includes four parts: single photons generated by the SAQD (not shown), the opened (closed) MZI (quartz, BD1, BD3, HWP1 (HWP2), BD4), the quantum-control apparatus (a, BD2, particle layer, wave layer, BD5), and the detection apparatus (movable polarizer, APDs and the counter and time analyser, which are not shown). Note: the arrows are used to represent the photon polarizations, and the HWPs are not shown; 'Layer' in the lower figure represents a detailed sketch of the particle and wave layers. and half-wave plates HWP2 (HWP1). For HWP2 in the wave layer, the optical-axis direction θ was set to 22.5
NATURE PHOTONICS
• and interference appears (closed interferometer). For HWP1 in the particle layer θ was set to 0
• (open interferometer), showing the particle properties. Depending on the polarization (parameter α), BD2 controlled whether the photons passed through the particle or wave layer. The two layers were combined by BD5. A 45
• polarizer could be inserted to post-select on the polarization state (|H + |V )/ √ 2. Finally, two detectors counted the photons in paths 0 and 1. The experimental setup is shown and explained in Fig.  26 . If the final path measurement was not sensitive to the polarization (i.e. no polarizer at the end), the detection results were described by a mixed state (density matrix) of the form sin 2 α |particle particle| + cos 2 α |wave wave|. (18) This corresponded to ignoring the ancilla outcome in chapter II.G and lead to a visibility pattern of the form cos 2 α. If, however, the photon was post-selected in the polarization state (|H + |V )/ √ 2 (i.e. polarizer at 45 • ), its path state was left in the "wave-particle superposition" sin α |particle + cos α |wave .
The experimental results for these two states were very different. Fig. 27 shows the visibility as a function of α for state (18) in red and for state (19) in blue. The red curve follows the expected form cos 2 α, as only the wave-part in Eq. (18) leads to fringes. The blue curve is more complicated and reflects the fact that there was also quantum interference between the wave and particle properties.
Also a two-photon experiment was performed realizing the proposal of Ref. (Ionicioiu and Terno, 2011 ) has been performed (Peruzzo et al., 2012) . The setup, which used an integrated photonic device, is explained in Fig. 28 . (18) in red (filled circles) and for the superposition state (19) in blue (unfilled diamonds). The red curve has the form cos 2 α, while the blue one also reflects interference between wave and particle properties. The larger symbols are experimental data, while the smaller symbols are theoretical simulation results. splitter is represented by a Hadamard operation (22) logical ({|0〉s, |1〉s}) basis. In the standard delayed-choice experiment, the presence of this second beamsplitter is controlled by the observer (see Fig. 1A ). For a closed interferometer, the statistics of the measurements at detectors D′ and D″ will depend on the phase ϕ, revealing the wave nature of the photon. For an open interferometer, both detectors will click with equal probability, revealing the particle nature of the photon.
Here, on the contrary, the presence of the second beamsplitter depends on the state of an ancillary photon. If the ancilla photon is prepared in the state |0〉a, no beamsplitter is present; hence, the interferometer is left open. Formally, this corresponds to the identity operator acting on |y〉s, resulting in the state jy〉s,particle ¼ 1 ffiffi ffi 2 p ðj0〉s þ e iϕ j1〉sÞ ð 1Þ
The final measurement (in the {|0〉s, |1〉s} basis) indicates which path the photon took, revealing the particle nature of the photon. The measured intensities in both output modes are equal and phase-independent, ID′ = ID″ = 1/2. If, however, the ancilla photon is prepared in the state |1〉a, the beamsplitter is present, and the interferometer is therefore closed. Formally, this corresponds to applying the Hadamard operation to |y〉s, resulting in the state jy〉s,wave ¼ cos
The final measurement gives information about the phase ϕ that was applied in the interferometer, but indeed not about which path the photon took. The measured intensities are ID′ = cos 2 (ϕ/2) and ID″ = sin 2 (ϕ/2). The main feature of this quantum controlled beamsplitter is that it can be put in a superposition of being present and absent. Indeed, if the ancilla photon is initially in a superposition-for instance, in the state |y〉a = cosa|0〉a + sina|1〉a-then the global state of the system evolves into |Yf (a,ϕ)〉 = cosa|y〉s,particle|0〉a + sina| y〉s,wave|1〉a
The system and ancilla photons now become entangled, when 0 < a < p/2.
The measured intensity at detector D′ is then given by
whereas intensity at D″ is ID″(ϕ, a) = 1 − ID′(ϕ, a). We fabricated the quantum circuit shown in Fig. 2 in a silica-on-silicon photonic chip (18) . The Hadamard operation is implemented by a directional coupler of reflectivity 1/2, which is equivalent to a 50/50 beamsplitter. The controlledHadamard (CH) is based on a nondeterministic control-phase gate (23, 24) . The system and ancilla photon pairs are generated at 808 nm via parametric down conversion and detected with silicon avalanche photodiodes at the circuit's output.
We first characterized the behavior of our setup for various quantum states of the ancilla photon. We measured the output intensities ID′(ϕ, a) and ID″(ϕ, a) for a ∈ [0, p/2], and ϕ ∈ [−p/2, 3 p/2]. In particular, by increasing the value of a we observe the morphing between a particle measurement (a = 0) and a wave measurement (a = p/2). For a = 0 (no beamsplitter), the measured intensities are independent of ϕ. For a = p/2, the beamsplitter is present, and the data shows interference fringes. Our results are in excellent agreement with theoretical predictions (Fig. 3) .
To achieve our main goal-to refute models in which the photon knows in advance with which setup it will be confronted-we must go one step further. Indeed, the result of Fig. 3 does not refute such models. Although we have inserted the ancilla photon in a superposition, hence testing both wave and particle aspects at the same time, we have in fact not checked the quantum nature of this superposition. This is because the final measurement of the ancilla photon was made in the logical ({|0〉a, |1〉a}) basis. Therefore, we cannot exclude the fact that the ancilla may have been in a statistical mixture of the form cos 2 a|0〉〈0|a + sin 2 a|1〉〈1|a, which would lead to the same measured statistics. Hence, the data can be explained by a classical model, in which the state of the ancilla represents a classical variable (a classical bit) indicating which measurement, particle or wave, will be performed. Because the state of the ancilla may have been known to the system photon in advance-indeed, here no delayed choice is performed by the observer-no conclusion can be drawn from this experiment. This loophole also plagues the recent theoretical proposal of (17) , as well as two of its NMR implementations (19, 20) .
In order to show that the measurement choice could not have been known in advance, we must ensure that our quantum controlled beamsplitter behaves in a genuine quantum way. In particular, we must ensure that it creates entanglement between the system and ancilla photons, which is the clear signature of a quantum process. The global state of the system and ancilla photons, given in Eq. 3, is entangled for all values 0 < a < p/2. Because 〈yparticle|ywave〉 ∼ cosϕ, the degree of entanglement depends on ϕ and a; in particular, for a = p/4 and ϕ = p/2 the state in Eq. 3 is maximally entangled.
In order to certify the presence of this entanglement, we tested the Clauser-Horne-ShimonyHolt (CHSH) Bell inequality (25) , the violation Fig. 2 . Implementation of the quantum delayedchoice experiment on a reconfigurable integrated photonic device. Nonentangled photon pairs are generated by using type I parametric downconversion and injected into the chip by using polarization maintaining fibers (not shown). The system photon (s), in the lower part of the circuit, enters the interferometer at the Hadamard gate (H). A relative phase ϕ is applied between the two modes of the interferometer. Then, the controlledHadamard (CH) is implemented by a nondeterministic CZ gate with two additional MZ interferometers. The ancilla photon (a), in the top part of the circuit, is controlled by the phase shifter a, which determines the quantum state of the second beamsplitter-a superposition of present and absent. Last, the local measurements for the Bell test are performed through singlequbit rotations (UA and UB) followed by APDs. The circuit is composed of directional couplers of reflectivity 1/2 (dc1−5 and dc9−13) and 1/3 (dc6−8) and resistive heaters (orange rectangles) that implement the phase shifters (25) . The measured intensity at detector D was in excellent agreement with the theoretical prediction given by Eq. (13), as shown in Fig. 29 . Since the ancilla photon was finally measured in its computational basis, the system photon data could be explained by a classical model in which the ancilla photon was prepared in a mixture of the form cos 2 α |0 0| + sin 2 α |1 1| . The particular state in every run would be known to the system photons beforehand, deciding whether their particle or wave behavior is measured.
To ensure that the choice cannot have been a classical variable known in advance, the entanglement of state (10) needed to be shown. This was done using unitary transformations at the final stage of the setup (Fig. 28) and performing a test of the Clauser-Horne-ShimonyHolt (Clauser et al., 1969) inequality. Maximal entan- glement of the state (10) is reached for α = π 4 (ancilla initially in equal weight superposition) and ϕ = π 2 (for which particle |wave = 0). For this parameter choice, a Bell value of S = 2.45 ± 0.03 was reported, a significant violation of the local realistic bound 2 (Peruzzo et al., 2012) . However, the authors acknowledged correctly that the claim to have ruled out a classical description of the wave-particle duality without further assumptions would require a loophole-free Bell test, which is still an outstanding goal in the community.
Two other successful realizations of the quantum delayed-choice scenario were achieved in nuclear magnetic resonance (NMR) experiments with 13 CHCl 3 molecules. In Ref. (Roy et al., 2012) the system qubits (i.e. path in the interferometer) were encoded in the hydrogen nuclear spins, while the ancilla qubits (control of the interferometer) were encoded in carbon nuclear spins. In Ref. (Auccaise et al., 2012) it was exactly the opposite. Both experiments showed excellent agreement with the quantum predictions.
F. Delayed-choice quantum random walk
An experimental realization of a delayed-choice twodimensional (2D) quantum walk has been reported in (Jeong et al., 2013) . There, the standard single-photon interferometer was replaced by a 2D quantum walk lattice, which was mapped to a temporal grid for the arrival times of a single photon by using polarization optical elements and fibers. In a quantum walk a coin and a shift operator are applied repeatedly. The experimental scheme is shown in Fig. 30 .
The essence of their experiment is similar to the quantum eraser concept. The way in which a photon interfered in the 2D quantum walk circuitry depended on its polarization, which was determined by the (delayed) polarization measurement of its distant twin. This was Entangled photon pairs were generated in a PPKTP crystal. One photon of every pair delayed in a 340 m optical fiber and then sent to Alice, who was able to perform polarization measurements in any basis. This constituted a delayedchoice projection of the initial coin (polarization) state of the other photon, which was already sent to Bob without an fiber delay. In an optical loop, Bob's photons performed a 2D (x and y steps) quantum walk in the time domain. Before each step operation is taken, the coin operation ('Coin 1' and 'Coin 2' are Hadamard gates) was applied. In order to map the 2D quantum walk lattice uniquely onto the photon arrival times, the lengths of the optical fibers (L1-L4) were chosen appropriately.
the first experiment realizing a 2D quantum walk with a single photon source and in a delayed-choice fashion. Additionally, the authors also showed the first experimental simulation of a Grover walk, a model that can be used to implement the Grover quantum search algorithm (Grover, 1997) . The similarities between the theoretical and experimental probability distributions in the Grover walk were above 0.95.
V. REALIZATIONS OF DELAYED-CHOICE ENTANGLEMENT SWAPPING EXPERIMENTS
Entanglement swapping (Zukowski et al., 1993 ) is a generalization of quantum teleportation (Bennett et al., 1993) and can teleport entangled states. It is of crucial importance in quantum information processing because it is one of the basic building blocks of quantum repeaters (Briegel et al., 1998; Duan et al., 2001) , third-man quantum cryptography (Chen et al., 2005) and other protocols. On the other hand, entanglement swapping also allows experiments on the foundations of quantum physics, including loophole-free Bell tests (Simon and Irvine, 2003) and other fundamental tests of quantum mechanics (Greenberger et al., 2008a,b) . The entanglement swapping protocol itself has been experimentally demonstrated with various physical systems (Barrett et al., 2004; Halder et al., 2007; Kaltenbaek et al., 2009; Matsukevich et al., 2008; Pan et al., 1998; Riebe et al., 2004; Yuan et al., 2008) .
In the light of finding which kind of physical interactions and processes are needed for the production of quantum entanglement, Peres has put forward the radical idea of delayed-choice entanglement swapping (Peres, 2000) . Realizations of this proposal are discussed in the following.
A. Delayed entanglement swapping
In (Jennewein et al., 2002) , a delayed entanglement swapping experiment was performed. For the conceptual setup see Fig. 9 . Detection of photons 2 and 3 by Victor was delayed by two 10 m (about 50 ns) optical fiber delays after the outputs of the Bell-state analyzer. Alice's and Bob's detectors were located next to each other. was around 0.84, both above the classical limit of 2/3 and the limit of approximately 0.78 necessary to violate Bell's inequality, as shown in Fig. 31 . This was the first attempt of the realization of delayed-choice entanglement swapping, although a switchable Bell-state analyzer has not been implemented. We note that in Ref. (Sciarrino et al., 2002) a successful experiment on delayed-choice entanglement swapping was performed with two singlet entangled states comprised by the vacuum and the one-photon states. This allowed to use a pair of entangled photons rather than four photons. The obtained correlation visibility was (91 ± 2)%.
B. Delayed-choice entanglement swapping
A refined and conclusive realization of Peres' gedanken experiment was reported (Ma et al., 2012) . The layout of this experiment is illustrated in Fig. 32 . The essential point was the implementation of bipartite state projections based on the random and delayed choice. The VOLUME 88,
The nondeterministic nature of the photon pair production implies an equal probability for producing two photon pairs in separate modes (one photon each in modes 0, 1, 2, 3) or two pairs in the same mode (two photons each in modes 0 and 1 or in modes 2 and 3). The latter can lead to coincidences in Alice's detectors behind her beam splitter. We exclude these cases by accepting events only where Bob registers a photon each in mode 0 and mode 3. It was shown by Zukowski [12] that despite these effects of the nondeterministic photon source experiments of our kind still constitute valid demonstrations of nonlocality in quantum teleportation.
The entanglement of the teleported state was characterized by several correlation measurements between photons 0 and 3 to estimate the fidelity of the entanglement. As is customary the fidelity F ͗C 2 jrjC 2 ͘ measures the quality of the observed state r compared to the ideal quantum case jC 2 ͘. The experimental correlation coefficient E exp is related to the ideal one E QM via E exp ͓͑4F 2 1͒͞3͔E QM [13] . The correlation coefficients are defined as E ͑N 11 2 N 12 2 N 21 1 N 22 ͒͞ P N ij , where N ij ͑f 0 , f 3 ͒ are the coincidences between the i channel of the polarizer of photon 0 set at angle f 0 , and the j channel of the polarizer of photon 3 set at angle f 3 . The results (Fig. 3) show the high fidelity of the teleported entanglement.
The Clauser-Horne-Shimony-Holt (CHSH) inequality [14] is a variant of Bell's inequality, which overcomes the inherent limits of a lossy system using a fair sampling hypothesis. It requires four correlation measurements performed with different analyzer settings. The CHSH inequality has the following form:
where S is the "Bell parameter," E͑f 0 , f 3 ͒ is the correlation coefficient for polarization measurements where f 0 is the polarizer setting for photon 0, and f 3 is the setting for photon 3 [15] . The quantum mechanical prediction for photon pairs in a C 2 state is
2, which clearly violates the limit of 2 and leads to a contradiction between local realistic theories and quantum mechanics [6] . In our experiment, the four correlation coefficients between photons 0 and 3 gave the following results: E͑0 Hence, S 2.421 6 0.091 which clearly violates the classical limit of 2 by 4.6 standard deviations as measured by the statistical error. The differences in the correlation coefficients come from the higher correlation fidelity for analyzer settings closer to 0 ± and 90 ± , as explained in Fig. 3 . FIG. 3 . Observed entanglement fidelity obtained through correlation measurements between photons 0 and 3, which is a lower bound for the fidelity of the teleportation procedure. f 0 (f 3 ) is the setting of the polarization analyzer for photon 0 (photon 3) and f 0 f 3 . The minimum fidelity of 0.84 is well above the classical limit of 2͞3 and also above the limit of 0.79 necessary for violating Bell's inequality. The fidelity is maximal for f 0 f 3 0 ± , 90 ± since this is the original basis in which the photon pairs are produced (jHV ͘ or jVH͘). For f 0 f 3 45 ± the two processes must interfere (jHV ͘ 2 jVH͘) which is nonperfect due effects such as mismatched photon collection or beam walk-off in the crystals. This leads to a fidelity variation for the initially entangled pairs, which fully explains the observed variation of the shown fidelity. Thus we conclude that the fidelity of our Bell-state analysis procedure is about 0.92, independent of the polarizations measured. The square dots represent the fidelity for the case that Alice's and Bob's events are spacelike separated; thus no classical information transfer between Alice and Bob can influence the results. The circular dot is the fidelity for the case that Alice's detections are delayed by 50 ns with respect to Bob's detections. This means that Alice's measurement projects photons 0 and 3 in an entangled state, at a time after they have already been registered.
The travel time from the source to the detectors was equal within 2 ns for all photons. Both Alice's and Bob's detectors were located next to each other, but Alice and Bob were separated by about 2.5 m, corresponding to a luminal signaling time of 8 ns between them. Since the time resolution of the detectors is ,1 ns, Alice's and Bob's detection events were spacelike separated for all measurements.
A seemingly paradoxical situation arises -as suggested by Peres [4] -when Alice's Bell-state analysis is delayed long after Bob's measurements. This seems paradoxical, because Alice's measurement projects photons 0 and 3 into an entangled state after they have been measured. Nevertheless, quantum mechanics predicts the same correlations. Remarkably, Alice is even free to choose the kind of measurement she wants to perform on photons 1 and 2. Instead of a Bell-state measurement she could also measure the polarizations of these photons individually. Thus depending on Alice's later measurement, Bob's earlier results indicate either that photons 0 and 3 were entangled or photons 0 and 1 and photons 2 and 3. This means that the physical interpretation of his results depends on Alice's later decision.
017903-3
017903-3 Fig. 9 ), which were aligned to be equal. The minimum fidelity is above the limit achievable with classical swapping protocols as well as above the limit necessary for violating a Bell inequality with the swapped entangled state.
choice was to either perform a Bell-state measurement (BSM) or a separable-state measurement (SSM) on photons 2 and 3. In order to realize this, a bipartite state analyzer (BiSA) with two-photon interference on a highspeed tunable beam splitter combined with photon detections was used. The initial four-photon entangled state was of the form (8) . Alice and Bob measured the polarization of photons 1 and 4 without any delay. Photons 2 and 3 were sent through 104 m single-mode fibers, corresponding to a delay time of 520 ns. Victor actively chose and implemented the measurements on photons 2 and 3 (either BSM or SSM) by using a high-speed tunable bipartite state analyzer (BiSA). A quantum random number generator (QRNG) was used to make the random choice. Both the choice and the measurement of photons 2 and 3 were in the time-like future of the registration of photons 1 and 4. This projected the state of the two already registered photons, 1 and 4, onto either an entangled or a separable state.
The diagram of the temporal order of the relevant events is shown in Fig. 33 . For each successful run (a 4-fold coincidence count), both Victor's measurement event and his choice were in the time-like future of Alice's and Bob's measurements.
In that experiment, the existence of entanglement was verified by measuring the state fidelities and the expectation values of entanglement witness operators (Gühne and Toth, 2009 ). It was found that whether photons 1 and 4 were entangled or separable only depended on the type of the measurements Victor implement, not on the temporal order (Fig. 34 ).
VI. CONCLUSION AND OUTLOOK
Delayed-choice gedanken experiments and their realizations play an important role in the foundations of quantum physics, because they serve as striking illustrations of the counter-intuitive and inherently non-classical features of quantum mechanics.
Wheeler's delayed-choice experiments challenge a realistic explanation of the wave-particle duality. In such an explanation every photon is assumed to behave either definitely as a wave (traveling both paths in an interferometer) or definitely as a particle (traveling only one of the paths), by adapting a priori on the experimental situation. Especially when the choice of whether or not to insert the second beam splitter into the interferometer is made space-like separated from the photon's entry into the interferometer, this picture becomes untenable.
In delayed-choice experiments with two entangled quantum systems such as the delayed-choice quantum eraser, one can choose that one system exhibits wave or Two entangled photon pairs (1&2 and 3&4) were generated by EPR sources I and II (events GI and GII) at 0 ns. Alice and Bob measured the polarization of photons 1 and 4 at 35 ns (events MA and MB). Photons 2 and 3 were delayed and sent to Victor who chose (event CV) to perform a Bell-state measurement (BSM) or a separablestate measurement (SSM) (event MV). Victor's choice and measurement were made after Alice's and Bob's polarization measurements.
particle behavior by choosing different measurements for the other one. These choices and measurements can be made even after the former system has already been detected.
In delayed-choice entanglement swapping experiments, one can demonstrate that whether two quantum systems are entangled or separable can be decided even after they have been measured. This generalizes the wave-particle duality for single systems to an entanglement-separability duality for two (and more) systems.
It is a general feature of delayed-choice experiments that quantum effects can mimic an influence of future actions on past events. However, there never emerges any paradox if the quantum state is viewed only as 'catalogue of our knowledge' (Schrödinger, 1935) . Then the state is a probability list for all possible measurement outcomes and not a real physical object. The relative temporal order of measurement events is not relevant, and no physical interactions or signals, let alone into the past, are necessary to explain the experimental results. To interpret quantum experiments, any attempt in explaining what happens in an individual observation of one system has to include the whole experimental configuration and also the complete quantum state, potentially splitter. Therefore, the two photons interfere and are projected onto a Bell state by polarization-resolving single-photon detections. The separable-state measurement (SSM) corresponds to turning off the switchable quarter-wave plates. Then the interferometer acts as a 0/100 beam splitter, that is, a fully reflective mirror. Therefore, the two photons do not interfere and are projected onto a separable state by polarization-resolving single-photon detections. For detailed information on the tunable BiSA, see the caption of For each successful run (a fourfold coincidence count), not only does Victor's measurement event happen 485 ns later than Alice's and Bob's measurement events, but Victor's choice happens in an interval of 14 ns to 313 ns later than Alice's and Bob's measurement events. Therefore, independent of the reference frame, Victor's choice and measurement are in the future light cones of Alice's and Bob's measurements. Given the causal structure of special relativity, that past events can influence (time-like) future events but not vice versa, we explicitly implemented the delayed-choice scenario as described by Peres. Only after Victor's measurement, we can assert the quantum states shared by Alice and Bob. Our experiment relies on the assumption of the statistical independence of the QRNG from other events, in particular Alice's and Bob's measurement results. Note that in a conspiratorial fashion, Victor's choice might not be free but always such that he chooses an SSM whenever Alice's and Bob's pair is in a separable state, and he chooses a BSM whenever their pair is in an entangled state. This would preserve the viewpoint that in every single run Alice and Bob do receive a particle pair in a definite separable or a definite entangled state. A possible improvement of our set-up would be space-like separation of Victor's choice event and the measurement events of Alice and Bob to further strengthen the assumption of the mutual independence of these events.
For each pair of photons 1 and 4, we record the chosen measurement configurations and the fourfold coincidence detection events. All raw data are sorted into four subensembles in real time according to Victor's choice and measurement results. After all of the data had been taken, we calculated the polarization correlation function of photons 1 and 4. It is derived from their coincidence counts of photons 1 and 4 conditional on projecting photons 2 and 3 to |φ − 23 = (|HH 23 − |VV 23) √ 2 when the BSM was performed, and to |HH 23 or |VV 23 when the SSM was performed. The normalized correlation function E(j) between two photons is defined as:
where j/j ⊥ stands for horizontal/vertical (|H /|V ) or plus/minus (|+ /|− , with |± = (|H ± |V )/ √ 2), or right/left (|R /|L , with |R = (|H + i|V )/ √ 2 and |L = (|H − i|V )/ √ 2) circular polarization. In equation (3), C(j,j ⊥ ) is the number of coincidences under the setting (j,j ⊥ ). In Fig. 3 , we show the correlation functions of photons 1 and 4 in these three mutually unbiased bases derived from the measurement results. Note that the reason why we use one specific entangled state but both separable states to compute the correlation function is that the measurement solely depends on the settings of the EOMs in the BiSA. Then the same coincidence counts (HH and VV combinations of Victor's detectors) are taken for the computation of the correlation function of photons 1 and 4. These counts can belong to Victor obtaining the entangled state |φ − 23 in a BSM or the states |HH 23 and |VV 23 in an SSM.
We quantified the quality of the experimentally obtained statesρexp using the fidelity defined as F (ρexp, |out id) = Tr(ρexp|out id out|), which is the overlap ofρexp with the ideally expected output state |out id. The state fidelity of the Bell state can be decomposed into averages of local measurements in terms of Pauli σ matrices 42,43 , such as 
whereÎ is the identity operator for both photons. An entanglement witness is also employed to characterize whether entanglement existed between the photons. It is defined as 42,44Ŵ (|out id) =Î /2− |out id out|. A negative expectation value of this entanglement witness operator, W (ρexp, |out id) = Tr[ρexpŴ (|out id)] = 1/2 − F (ρexp,|out id), is a sufficient condition for entanglement. Figure 3a shows that when Victor performs the BSM and projects photons 2 and 3 onto |φ − 23, describing joint properties with other systems. According to Bohr and Wheeler, no elementary phenomenon is a phenomenon until it is a registered phenomenon (Bohr, 1949; Wheeler, 1984) . In light of quantum erasure and entanglement swapping, one might like to even say that some registered phenomena do not have a meaning unless they are put in relationship with other registered phenomena (Ma et al., 2012) .
The concept of delayed-choice entanglement swapping is of importance for the security of quantum communication schemes such as third-man quantum cryptography (Chen et al., 2005) and could also be employed in probabilistic instantaneous quantum computing. In the latter case, quantum state teleportation and entanglement swapping imply a computational speed-up in time over classical procedures (Brukner et al., 2003; Jennewein, 2002) . This can be realized by sending one photon of a Bell state into the input of a quantum computer and performing a quantum computation with it. Since this photon is a part of a Bell state, its individual property is not well defined. Therefore, also the output of the quantum computation will not be defined. However, as soon as the required input is known, it can be teleported onto the state of the photon which had been fed into the quantum computer. If the Bell-state measurement (BSM) results in one specific Bell state which requires no corrective unitary transformation, then immediately the output of the quantum computer will be projected into the correct result. By this means the computation is performed quasi instantaneously. Note that this instantaneous quantum computation is intrinsically probabilistic because the BSM results in all four Bell states with equal probability of 1/4.
